
Sequences and Limits


































































































































A sequence Xm Of real numbers is said to be

b bounded above if I ut IR s t Xm En f n EN

ii bounded below if Il c IR s t ee xn f n e

bounded if both is a ID equivalent Ef F

x t IR s t I am1 S x t n t x where

I I L if a o

if a O

x if Kao
iv increasing if Inf Inti f n EN

V decreasing if an n y n f monotone
ri convergent if I l C 112 s t nm converges to e

V E O F N t N s t I kn e Is E t n N

when such l exists it is unique

Vii Cauchy if HE O F NE N s L

I kn Xm k E t m n N

Exercises
1 State the negation for each ofthe above
2 Show the uniqueness remark in Vi Hint
make use ofthe Make Life Easier Lemma

Tf r t 112b sit I r l E E F E o then r 0 should

r 0 onewould have Eo try o but I r l Eo






































































































































3 Vi vii also true but
the proof is not easy at this stage

4 Liv ii d 4 i

5 Let xn be an increasingseq
and bounded

ie is a avi hold Then dm

converges to p suffers near

which exists in IR by or cis

G Stat and prove the result corresponding t5

for decreasing bounded req
7 8hm that any convergent seq with

fnidi limit is bounded

Hnitfw Qf Let E o Tharp EL xn for
some Ne Al Smu K T it follows that Anza

f Earns an Ep so Kipke
HintforQ2 Take E 1 Forthis E F NE N
s t pen 1 ICE L th N sina xn e

Smu 1km1 HE kn e l it follows that
1km1 E Il l t l t h 7N

and hence that
1km1 E M f n ta

where M Max Il l t l 1241 Mpf I






































































































































Results given hi Ex 5,6 are usually
referred as the Monotone ConvergenceTheorem

Tht Gomputatingamerapreserving Let cek

timXm k t LimYu y milk

Then
i him can ca

Ci lim xn Ign m kn t lings

CHI lim Knyn ay prodrut rule

iv tim Wyn Yg provided that

y to.ynt otnfqegntie.int
rnie

ul limlant 124

ri limlavyn avg maxlx.gs

tim xn ryn any min a y3
lattice namefor limits

Vii If also xmkznfynfnandlimkn
x y t.my seas

then limy L Squeeze Rule
In partida 13h1E bint o as n a zn o as

Viii Tfalso kneyn fu
then xsy orderpreserving

Tf also of xn sorin HR Anthem of X

and Lim Tum Tx
X Tf key then I NEN s v In Ym f n 3N






































































































































proof it can assume that at 0 so let o

Let E o Then Efc b positive and correspondingly

I NEN s t I kn K E f n N Hence

I can call lol xn Kl L lol If E f n N

Lil't Let E o Then for the hositive
number E

and Ez 42 F Ni Na C N s t

lark Is E t n Ni

yn y l e Ea f n Nz

Take N _max Ni Nz Then th 3N one has

124 K K E a th y K Ea and W

Katyn x th k E t EE E

The proof fr Xu Yu is similar
Iii By 67 F M o such that 124 von I

ly l ly ni annex are all boundedby the

same M Let E 0 With En In
v 1,4 I Ni Na t Al s V

Hn N Is E V n Ni

I Yen yl L E z f n 3 Nz










Let N maxfNi Na then f n N

one has lxn xk E.ua IN YI Im so

lxnyn xyt lxnyn xyntxynxyl.LIkn KI I Mlt loll ly n yl

E M Hn x I t M l Yn yl L M
E ME E

Remark You may also
do asfollows

By apply to theconvergent
segCMD

take M o s t I Yuk M f n Let E 0

Then F N Nr E Al s v

Hn K Is En t n N t

yn y la
E

41kt ti
t h 3 Nz

Let N N v Nz.They f n 3N one has

Knyn NYK Ml xn al t 124 1
IT I c

the use of Hl 11 rather than
124 is to

ensure it is nonzero in the dinominator



Warning But the folk's argument is

wrong Let Go Take

E
E

41yd D D de

Eze zf Go
They I Ni Ne t Al s t

Hn al c e f n N

Ian yl s E f n Nz

The point is that your Ei N depend
on n and hence if
you insist tocontinue you should use EY

NT say but then when K NT

though you have KK k k e 4
you will have difficulty

in dealing with
1 Yid lock 24

tacky c icy Kkkyk XYKI.tl xyk Kyl
E l YKI 124574 t KI l Yk

ylTherefxetmcom_mmbofrralllynlbessrntr.d



Liv fffives to show the special case
I im ftp ty f

then the general case followsby lag

xn yn xn Tn
For note that

th ti y H
Yml IYI

w this time we need to find a positive

constant c such that Fgm Et ie IMI c

for all n f on at least tf n starting from
a certain term you want m be

bounded awayfrom
the origin To do this one

uses the line quality triangle
nie patty

al ta bl E lb l

and for positive Mz F Wo E Al se

1yn y k Y f n No

and so applied to yn y ni planeof b
a

yl Is t.gl ly ME lyn I t n No
L

Lett y c Hz we have a El Yml f n No



Now let Go and consider E clyl U

Siralimyn y g F N'E Al s t

Yn y l c e ay E f n N

Let N max No N Then F n N

one has 1 of i

ftp.tylflm H s s4HEqlynl.lylc ly l c ly l

v This followsfromthe definitionoflimits
and the thequality

IAI lb IE la b l so lat lb IE la b 1
by symmetry

and homie

1km1 tall Ian al

ri Note that

maxlxn.ynj xntmt.zkn
m KEIE.fiJ

you can check its validity Thus ri

follows from 42 a

Cii Let E o fine 1m2cm L linifn F Ni NEH
5 l



xn Ike so e EL xn El te t n Ni
e e C al TE th Nz

Let N Niv Nz Then f n None has

d EL Xn Clete

and it followsfrm Kae E then

1 e Lynette un N

i linn yn L

Xiii Let Ezo Then as before F NEN s L

X Ef kn e at E f 23 N

and
y Ee yn cytz

tax N

fine Xnsynfn itfollows that
2 Earn sync ytE with n N

and W Kyte V e o Consequently 269 why

Cx Not thwv
Geffen fkn rattrxntratlan al

Thon assuring Tato ie alto the resultfollowsfrm

fin rule o as n sa

Tf x 0 then F E o 3 NEW son

of 04 124 a k E f n N

because lui n x o by i and assumptions Hence

ran E c tu N
Shmig that linfen o N



Let E 4 so Then I NEN s V

xn L act b a ELL y Y syn f n N

you should provide
more details

Subsequences Given a sequence

XD Xi Xz 2b

and a sequence
Ya Yi Ya B

we say that ya is a subsequence

of Xm if each Yk can be represented

in theform
Y X ne

Kthtermof Hc mathtermofXm

such th wt N F NK l n k 11 so Mkt IS Nkt F KE Al
N L Nz C ng c na L

By MI you should be able showthat
K E MK V K E IN

e g tails of a sequence xn Fix any
KN E N the N tail

Xiv 74 1 Kirtz
Xm

is a subsequence of Xm where nisi KV 1 t K

xn x iff N tail converges to a



SubsequenceTheorem

Anysubsequenceof a convergentsequence EcnsayK

converges
the same limit as that of Hnl

Pf You use

Examples Cf 3.2

1 him 2 1in 2 42 2 z

2 lim 2 lim o

3 Iim Sinn 0 because lsm If o ar n sa

4 Iim IT o because 2,73 n
z and

Ctl

c Zn E Int o m
toooo

5 Similarly limn o limn 0

6 Let 0 L ra l Then I o as in 2N

Sol Let 8 be defined f it 8 so 8 o

Note tutor n s in o ar n 70

Warning thelogarithm not yet introduced
we should

not make use of that at present

7 Tf kn is a positivesegue
kn ok n s t

ITT f og f n so dnt E G95 d

Kia E o 9
k f k C IN

thusbyExample6de nm 5 0 state prove the resultforcelebrating



s l l 9

8 Tf Xn b a positive req smh that
I im 9 l l

Then I im In 0

Hint Take a c Ce 1 Then b y Th l
X F Newt

9 c c f n N

Apply Ex 7 to N tail xn Kuti

MonotonesubsequenceThilet
xn be a seqof real

numbers

Then F a monotone subsequence Consequently

we have

Bolzano
WeierstrassTh Let a he

a boundedsequence of real numbers
Then I a convergent subsequence

by Monotone fortsey
timonotone Corr

Theorem

proof ofMonotone Srbseq Let call

call the Kth term 7C k of fkn w peak
term 1 with peak index K if

Kk 3 Kj Vj 3K

that is Xk dominates all sntsequeneterms

after it in the req Rn



Two cases to be considered Either

there are futilelymany peak terms
or

c a infinity many peak terms
Casel Supposethere are onlyApriilitymany peaks so I
NEN w that da ni the last peakterm i.e

xn is not a peakterm f n N Pick on Ntl
Sma Ntl is not peaked I na n s t

Xnz 7 2cm

ne n z is not peaked F ng Mz s L

Kmg Kriz X n

Inductively one has Ink with

Mkt 1 Nk tf k

In µ
S Aln e

f k

Thus Kya is a strictly increasing subsey

of Xm

Case 2 There are nifmilitymany peaks
N C n

z C Ng C

fearh of them b a peak so with

Xm 7 kn Z X
ng
3

bydefinition of peaks Thus Knee is



r I T l 7
a decreasing subsequence of xn

Th Carchycribiim A seq xn

convergesto a limit in IR iff it
is Candy
Proof Since front already

done

we onlyprove part So supp
ne

kn is Carly Then it
is boundedfpl

supply aproof
andhene it

followsfrom
the Bolzano Weierstrass

Theorem that it has a convergent

subsequence say linen Xn KEIR Let

E o Then F K e N s L

I kn k k E t ke k
l

and al w F N E Al s E

I Xn Xm I CE k m n N f

Take k e AV s t k z K N so n N

Then



Ian K k a Hn kn la Ktn N
and it followsfronthe triangle inequality that

xnxklkn kn.lt Xnk xlsE t4z E k n N

that is Ii man x


